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Exercise 1

Let V be a closed subspace of H Hilbert space. Let A be a linear bounded operator on H
such that A pV q Ď V . Prove that A˚

`

V K
˘

Ď V K.

Exercise 2

Let H be an Hilbert space. Let A be a linear bounded operator on H with linear bounded
inverse A´1. Prove that

`

A´1
˘˚
A˚ “ A˚

`

A´1
˘˚
“ id. Deduce that A˚ is invertible and

that pA˚q´1 “
`

A´1
˘˚

.

Exercise 3

Consider the Hilbert space H :“ `2 pNq.

a Define the operator A as

pAαqn “ αn`1 @n P N, (1)

for any α “ tαnunPN P H.

Prove that A is a well defined linear bounded operator, find its norm and its spec-
trum.

b Consider A˚ the adjoint of A. Show its explicit action and find its norm and its
spectrum.

c Define B :“ A˚A. Prove that B is a self-adjoint operator, show its explicit action
and find its norm and its spectrum.

Hint: Recall that if T is a linear bounded operator, the spectrum σ pT q is a closed set,
ρ pT q ” Cz σ pT q the resolvent of T is defined as

ρ pT q :“
!

λ P C| pT ´ λ idq´1 is a well-defined, linear, bounded operator
)

, (2)

and that σ pT q Ď B}T } p0q, where BR p0q :“ tα P H| }α}2 ă Ru.

Exercise 4

Consider the interval I “ pa, bq Ď R and the Hilbert space H :“ L2 pIq. Consider ϕ P C pIq
a real valued continuous function with }ϕ}8 ă `8. Consider the operator Tϕ defined for

1



any ψ P H as
Tϕψ pxq :“ ϕ pxqψ pxq . (3)

Prove that Tϕ is a well defined linear bounded operator and prove that σ pTϕq “ ϕ pIq.

Hint: Show first that ϕ pIq Ď σ pTϕq and use the fact that the spectrum is closed to show

that the same is true for the closures. Next, show that
´

σ pTϕq
¯c
Ď ρ pTϕq to conclude.
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